We consider 5D Einstein-Maxwell-dilaton (EMd) gravity in spacetimes with three commuting Killing vectors: one timelike and two spacelike Killing vectors, one of which is hypersurface-orthogonal. Assuming a special ansatz for the Maxwell field we show that the 2-dimensional reduced EMd equations are completely integrable. We also develop a solution generating method for explicit construction of exact EMd solutions from known exact solutions of 5D vacuum Einstein equations with considered symmetries. We derive explicitly the rotating dipole black ring solutions as a particular application of the solution generating method.
Introduction
In recent years the higher dimensional gravity is attracting much interest. Apart from the fact that the higher dimensional gravity is interesting in its own right, the increasing amount of works devoted to the study of the higher dimensional spacetimes is inspired from the string theory and the brane-world scenario with large extra dimensions. The gravity in higher dimensions exhibits much richer dynamics and spectrum of solutions than in four dimensions. One of the most reliable routes for better understanding of higher dimensional gravity and the related topics are the exact solutions. However, the higher dimensional solutions found so far are not so many. As yet to the best of our knowledge there are no EMd solutions found in the literature that describe rotating charged black holes in higher dimensions with an arbitrary dilaton coupling parameter (there are some numerical solutions, however [1, 2] ). Moreover, unlike the 4D case, in higher dimensions the systematic construction of new solutions has not been accomplished yet. It is well known that both vacuum and electrovacuum 4D Einstein equations are completely integrable being restricted to spacetimes with two-dimensional Abelian group of isometries [3] - [17] . This nice property is also shared by some effective string gravity models (or certain sectors of them) which allows us to find many families of physically interesting exact solutions [18] - [23] . The 
Dimensional reduction, coset presentation and complete integrability
We consider the 5D EMd gravity described by the action
where α = 0 is the dilaton coupling parameter. This action yields the following field equations
∇ µ e −2αϕ F µν = 0,
In this paper we consider spacetimes with three commuting Killing vectors: one timelike Killing vector T and two spacelike Killing vectors K 1 and K 2 . We also assume that the Killing vector K 2 is hypersurface orthogonal.
In adapted coordinates in which K 2 = ∂/∂Y , the spacetime metric can be written into the form
where h ij is a 4-dimensional metric with Lorentz signature. Both u and h ij depend on the coordinates x i only. The electromagnetic field is taken in the form
After a dimensional reduction along the Killing vector K 2 , the field equations (2) are reduced to the following effective 4D theory:
Here D i and R ij (h) are the covariant derivative and Ricci tensor with respect to the Lorentz metric h ij . We shall introduce the new parameter α * and the fields χ and ζ, defined by
Further we introduce the symmetric matrix M 1 given by
with det M 1 = 1. Then the dimensionally reduced EMd equations become
These equations are yielded by the action
Clearly the action is invariant under the SL(2, R)×R group where the group action is given by
G ∈ SL(2, R). In fact the matrices M 1 parameterize a SL(2, R)/SO(2) coset. So we obtain a non-linear σ-model coupled to 4D Einstein gravity with a minimally coupled scalar field ζ.
Next step is to further reduce the effective 4D theory along the Killing vectors T and K 1 . For this purpose, it is useful to introduce the twist of the Killing vector
were ⋆(h) is the Hodge dual with respect to the metric h ij . One can show that the Ricci 1-form
satisfies
Obviously, in our case we have ℜ h [T ] = 0, i.e. dω=0. Therefore there exists (locally) a potential f such that
In adapted coordinates for the Killing vectors T = ∂/∂t and K 1 = ∂/∂X, and in the canonical coordinates ρ and z for the transverse space, the 4D metric h ij can be written into the form
For this form of the metric h ij , combining (18) and (21), and after some algebra we find that the twist potential f satisfies
Before writing the 2D reduced equations we shall introduce the symmetric matrix
with det M 2 = 1. Then the 2D reduced EMd equations read
As a result we find that the "field variables" M 1 and M 2 satisfy the equations of two SL(2, R)/SO(2) σ-models in two dimensions, modified by the presence of the factor ρ. The system equations for Γ can be integrated, once a pair of solutions for the two σ-models and a solution of the linear equation for ζ are known. Therefore, the problem of generating solutions to the 5D EMd equations with the described symmetries reduces to the solutions of the two σ-models and the choice of a harmonic function.
It is well known that the σ-model equations are completely integrable [27, 28] . This is a consequence of the fact that the σ-model equations can be considered as the compatibility condition of the linear differential equations (Lax-pair presentation) [27, 28] 
where
Here V = ρ∂ z MM −1 , U = ρ∂ ρ MM −1 and λ is the complex spectral parameter. The "wave function" Ψ(ρ, z, λ) is a complex matrix. The σ-model equations then follows from the compatibility condition
The matrix M can be found from the "wave function" Ψ as M(ρ, z) = Ψ(ρ, z, λ = 0).
The inverse scattering transform (IST) method can be directly applied to (31) to generate multisoliton solutions. The dressing procedure allows us to generate new solutions from known ones. Since this dressing technique is well known we will not discuss it here and refer the reader to [27, 28] .
In this paper we will not apply the IST method. In the next section we present new and simple enough solution generating method which allows us to generate new 5D EMd solutions from known solutions of the 5D vacuum Einstein equations.
Solution construction
Let us consider two solutions
In addition let us denote by γ (i) the solution of the system
Then we find for the metric function Γ Γ = γ (2) + 3γ (1) .
From a practical point of view it is more convenient to associate the σ-model solutions M (i) with the vacuum Einstein solutions
which correspond to the matrixes
Here the metric function Γ
E for the vacuum Einstein equations is given by
E is a solution to the system
1 From now on all quantities with subscript or superscript "E" correspond to the vacuum case.
Then we find
where ν ζ is a solution of the system
Comparing the matrixes M 1 and M (1) we obtain
E .
Respectively for the metric we find
Taking into account that
and
the metric can be presented in the form
00 |g
Summarizing, we obtain the following important result presented as a proposition. Proposition. Let us consider two solutions of the vacuum 5D Einstein equations
and a harmonic function ζ.
Then the following give a solution to the 5D EMd equations
where f
E is a solution to the system 2 More generally we can take
and ν ζ solves the equations
Let us also note that, in general, the exchange of the two sigma models M (1) ←→ M (2) leads to different EMd solutions. The presented proposition gives us a tool to generate new 5D EMd solutions in a simple way from known solutions to the vacuum 5D Einstein equations. The technical difficulties are eventually concentrating in finding of Ω E and f E .
Through the use of the proposition we can generate the "5D EMd images" of all known solutions of the vacuum 5D Einstein equations with the symmetries we consider here. It is not possible to present explicitly here the "EMd images" of all known vacuum Einstein solutions. We shall consider here one of the most interesting examples-namely we shall derive the rotating dipole black ring solutions.
Derivation of the rotating dipole black ring solutions
The systematic derivation of the dipole black ring solutions in EM gravity was given in our previous paper [26] . More precisely, we have shown that the EM dipole rings can be derived as a "nonlinear superposition" of two neutral rotating black rings solutions. Here, we shall follow the same scheme in order to derive the EMd rotating dipole ring solutions.
We take two copies of the neutral black ring solution with different parameters: the first solution is with parameters {λ 1 , ν, R} while the second is parameterized by {λ 2 , ν, R}:
It should be also noted that in the case under consideration the Killing vectors are denoted by
The neutral black ring solution has already been written in canonical coordinates in [29] , that is why we present here the final formulas:
The next step is to find the functions Ω
E . After straightforward but tedious calculations we obtain
Finally we have to choose a harmonic function ζ. It turns out that the appropriate choice is
With this choice we find
It is more convenient to present the solution in coordinates in which it takes simpler form. Such coordinates are the so-called C-metric coordinates given by
Performing this coordinate change we find 3 We have taken into account that g
φφ and Ω
(1)
E = 3ν ζ which considerably simplifies the solution.
Finally, in order to exclude pathological behavior of the metric and to obtain black solutions we must consider only negative λ 1 , i.e.
and positive λ 2 and ν satisfying
One can easily see that the generated 5D EMd solutions are just the EMd rotating dipole black ring solutions [30] . Let us also recall [30] that in order to avoid the possible conical singularities at x = ±1 and y = −1 we must impose ∆φ = ∆ψ = 2π
(1 + µ)
An alternative derivation of the the rotating dipole black ring solutions is given in the Appendix.
Conclusion
In this paper we considered EMd gravity in spacetimes admitting three commuting Killing vectors: one timelike and two spacelike one of them being hypersurface orthogonal. Assuming also a special ansatz for the electromagnetic field we have shown that the EMd equations reduce to one linear equation, two SL(2, R)/SO(2) σ-models and a separated linear system of first order partial differential equations. This ensures the existence of Lax-pair presentation, therefore the complete integrability of the considered sector of EMd gravity. The Lax pair presentation also opens the way to apply the IST method and to generate multisoliton solutions.
Using the two σ-models structure of the reduced EMd sector we gave an explicit construction for generating exact 5D EMd solutions from known solutions of the 5D vacuum Einstein equations in the same symmetry sector. As an example we gave, for the first time, the explicit and systematic derivation of the rotating dipole black ring solutions.
The presented solution generating method can also be used to generate many other exact 5D EMd solutions. It would be interesting to find the EMd solutions corresponding to the "nonlinear superposition" of 5D Myers-Perry black holes [31] as well as other 5D vacuum Einstein solutions. and the Sofia University Research Fund.
Appendix
In many cases it turns out that the canonical coordinates are not the most convenient ones and the corresponding equations are more tractable in other coordinates. Here we present the basic results in terms of the coordinates x and y in which the transverse space metric has the form
where A(x) and B(y) are appropriate functions.
For the reduced EMd equations we find
The equations for the twist potential are
Further we proceed as in section 3. Potentials u, A Y and ϕ are again given by (47). One can show that
where Ω
(i)
E are solutions to the systems Taking into account the explicit expression of e 2u from (47) and the decomposition (96) we find for the EMd metric the following formula dsThe above presented results give us an opportunity to derive dipole black solutions more simply when the the transverse space coordinates are appropriately chosen. The most natural and convenient choice is A(x) = G(x), (100) B(x) = −G(y).
Then, from the neutral black ring solution we find
Having A(x), B(y) and ρ we can calculate S and the result is 
E (x,y) = S −1 (x, y)
Therefore we have
The next step is to specify the harmonic function ζ. As we have already mentioned in section 4 the appropriate choice is ζ = u E . Summarizing, we obtain the following expression for the 5D EM metric
Integrating we obtain
Therefore the electromagnetic field is given by
